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ABSTRACT

We investigate the dynamics of the adaptive Kuramoto model with slow adaptation in the continuum limit, N — co. This model is distin-
guished by dense multistability, where multiple states coexist for the same system parameters. The underlying cause of this multistability is
that some oscillators can lock at different phases or switch between locking and drifting depending on their initial conditions. We identify
new states, such as two-cluster states. To simplify the analysis, we introduce an approximate reduction of the model via row-averaging of
the coupling matrix. We derive a self-consistency equation for the reduced model and present a stability diagram illustrating the effects of
positive and negative adaptation. Our theoretical findings are validated through numerical simulations of a large finite system. Comparisons
of previous work highlight the significant influence of adaptation on synchronization behavior.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0226759

The synchronization of coupled oscillators is a fundamental
phenomenon observed in many natural and technological sys-
tems, from heartbeats to power grids and neural networks.
Traditional models like the Kuramoto model have helped us
understand how synchronization emerges, but real-world systems
often involve adaptive couplings that evolve in time in depen-
dence on the dynamics occurring on the network nodes, i.e., the
oscillators. The resulting dynamics on and off the network leads
to co-evolutionary network dynamics, posing a mathematically
challenging situation to analyze. Our study explores the adaptive
Kuramoto model for a large number of oscillators (the contin-
uum limit), focusing on how slow adaptation influences syn-
chronization. We identify new states, such as two-cluster states,
and introduce a simplified model to analyze large systems easily.
Our findings reveal that adaptation significantly affects synchro-
nization behavior, leading to multiple coexisting states for the
same parameters and complex dynamics depending on initial
conditions. These theoretical insights are supported by numeri-
cal simulations, providing a deeper understanding of the role of
adaptation in synchronized systems.

I. INTRODUCTION

The synchronization of coupled oscillators is a fundamental
phenomenon observed in various natural and technological

systems,"” such as heartbeats,” power grids,' and neural networks.”
Traditional models like the Kuramoto model have significantly
advanced our understanding of how synchronization emerges.
However, real-world systems often exhibit adaptive coupling, which
can enhance synchronization and substantially broaden the scope of
dynamic behaviors.

Adaptive networks, where coupling weights evolve based on the
dynamics of the nodes, are prevalent in nature and technology.”*
This adaptation can lead to complex behaviors not seen in static
networks, necessitating further study. Systems like the vascular
network,” the glymphatic system of the brain,'’ osteocyte networks,"!
social networks,'” and particularly neural networks'® demonstrate
the importance of such adaptive mechanisms for their efficient
functioning.

In this context, studying large systems is important, as many
natural systems consist of a vast number of interacting components.
By examining the continuum limit, where the number of oscillators
approaches infinity, we can gain deeper insights into the emergent
behaviors and fundamental properties of large networks, benefiting
from the simplifications that this theoretical limit provides. Thus,
we also generalize a previous study on the adaptive Kuramoto model
carried out for two oscillators."

In this paper, we explore the dynamics of the adaptive
Kuramoto model in the continuum limit with slow adaptation.
Section II examines the full equations of a large finite system
through numerical simulations, identifying basic stationary and
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non-stationary states. Section III introduces an approximate model
that reduces the dimensionality by considering the dynamics of
row averages of the coupling matrix. The reduced model facilitates
analysis and is computationally more cost effective to simulate for
large systems—this is the model the subsequent analysis is based
on. Section IV introduces the notion of locked and drifting oscil-
lators which we use in Sec. V where a self-consistency equation for
the order parameter is derived. Section VI analytically examines the
transition to synchrony while Sec. VII presents a detailed stabil-
ity diagram based on the analysis of the self-consistency equation.
Section VIII compares the results of the self-consistency with
numerical simulations of the finite system.

Il. MICROSCOPIC MODEL

We generalize the Kuramoto mode to include adaptive rules,
similar to those explored in Refs. 7 and 15, where the system consists
of N phases ¢; and N* edge variables «;; evolving according to the
following equations:"*

N
. 1 .

0 = w; + N ]-:ZIKij sin(g; — ¢;), (1a)
Kkij = €(1 + acos(p; — @) — k). (1b)

The concept behind this choice of the adaptation rule'* is that as
the adaptation parameter a goes to zero, all edges asymptotically go
to 1 and the original Kuramoto model is recovered. The adaptation
rule (1b) is such that the coupling strength between two oscillators
tends to increase if the oscillators are in sync and decrease if they are
in an anti-sync configuration.” For oscillators that are uncorrelated,
the coupling between them tends to one. Throughout this paper, we
consider large networks near the continuum limit N — oo with slow
adaptation € < 1.

We consider heterogeneous frequencies w; sampled from a

2
normal distribution g(w) = - —— exp (—% %) The main parame-

ters we are going to vary are the frequency distribution width o and
the adaptivity a.

A. Numerical simulations

Through naive explorative simulations of (1) with finite N,
one observes three qualitatively different macroscopically stationary
states (1), all of which occur for positive adaptivity a > 0:

1. Incoherent state: phases are scattered uniformly and most cou-
pling weights are close to 1. This state occurs if the frequency
distribution is wide enough.

2. One-phase cluster: a significant portion of phases lock to
the mean field and form a single coherent cluster, while the
remaining phases drift and are uniformly distributed. The cou-
pling connecting two coherent oscillators has a larger weight
kij ~ 1 + a while remaining coupling weights are close to 1. This
state occurs for a narrow enough frequency distribution.

3. Two-phase clusters: two coherent phase clusters form, a main
cluster and a smaller cluster at the antipodal phase. The cou-
pling connecting oscillators of the same clusters again has a large
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weight «;; & 1 4 a, while the coupling connecting two oscilla-
tors from the opposing clusters has a negative weight «; ~ 1
— a. All other coupling weights are close to 1. This state occurs
for a narrow enough frequency distribution, large enough adap-
tivity a and particular initial conditions of both phases ¢; and
couplings «;; (for incoherent initial conditions, it is unlikely to
reach two-phase-cluster states).

See Figs. 1(a)-1(c) for the depiction of these states, realized with
a finite ensemble simulation N = 300 and € = 0.1. In the limit
N — oo, provided the frequency distribution has infinite support,
there is always a portion of oscillators whose phases do not lock
to the mean field and so all observed quasi-stationary states feature
aspects of partial synchrony.'"'* However, if the frequency domain
has a compact support (which is always the case in numerical
realizations), one can also get fully locked states.

For negative adaptivity a < 0, we also observe macroscopically
non-stationary states, both periodic and chaotic, where the mean
field changes both direction and amplitude in time [see Fig. 1(d)].
These states are reminiscent of those of recurrent synchronization"’
(periodic) and recurrent chaotic synchronization” (chaotic), which
have recently been reported for finite sized adaptive systems.

lll. ROW-AVERAGE APPROXIMATION

In system (1), the number of edges grows quadratically with
the number of nodes, which makes numerical simulations of large
ensembles prohibitively slow. This is why, particularly when aiming
at studying the system in the continuum limit N — oo, it is use-
ful to consider simplifications. One such simplification was done in
Ref. 21 where all edge weights are averaged and represented with
a single macroscopic variable. However, here we desire to pursue a
less drastic reduction, while preserving the information about the
internal edge dynamics of the network, and instead treat the net-
work topology as a nodal property. Specifically, we consider the row
average of the coupling matrix,

1 N
ki = N;Kij. )

Constraining the dynamics of system (1) onto «; variables, we obtain
the following dynamical equations:

¢ = o; + KRsin(P — @), (3a)

ki = €(1 + aRcos(® — ¢;) — k), (3b)

where R and & are the phase order parameters,

N
. 1 .
Reld) = N E evi, (4)
i=1

We can move into the rotation frame of reference and without loss
of generality set & = 0,

@i = w; — k; R sin(¢y), (52)

ki = €(1+ aR cos(g;) — k7). (5b)

These are the equations we will analyze in this paper.

Chaos 35, 013109 (2025); doi: 10.1063/5.0226759
© Author(s) 2025

35,013109-2

L0:0Z:€} G20 JoqUIanoN €0


https://pubs.aip.org/aip/cha

Chaos

100 200 300

i (sorted)
0 1 2
el

100 200
i (sorted)

W @l

&)

Kij
—

mj2 m 3m/2 2t 00 200
Pi i (sorted)

0.8

0.6
~

0.4

0.2

000 02

FIG. 1. (a)—(c) Macroscopically stationary states observed by numerical sim-
ulation of Eq. (1) using N =300 and € = 0.1. In the left panels, blue are
phase-locked oscillators and red are drifters. In the right panels, the coupling
matrices are sorted with the average edge weights to reveal the phase clus-
ters. (d) Macroscopically periodic (possibly chaotic) state. R and K are the order
parameters of phases and coupling strengths, respectively: R = |% Dy e |
K= N17 i ki Panel specific parameters are (a) (o, @) = (2,2), (b) (0, a)
=(1,1),(c) (c,a) = (1,2), and (d) (o, a) = (0.5, —2). To obtain the state in
panel (c), a special initial condition was selected: starting with all oscillators at the
same phase, and then those with a frequency close to zero were shifted by phase
7, making two perfectly synced clusters (this is why we see no oscillators at the
center of the main cluster at 7 /2, because they were used to form the other clus-
ter). The weights within clusters were set positive, while between clusters were
set negative.
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System (5) is not equivalent to system (1), but rather serves as
its approximation. While both systems are related, (5) may capture
only an aspect of the dynamics described by (1). The precise quality
of this approximation is difficult to quantify analytically and is best
assessed through numerical simulations. Although we later provide
basic simulations to demonstrate the relationship between the two
systems, future work should explore more extensive simulations and
theoretical analyses to refine this understanding. This case serves asa
foundational model, similar to how the recent work of Duchet et al.”’
provides a benchmark model for the mean-field adaptive networks,
offering a baseline for more complex formulations (like this paper)
in future studies.

IV. LOCKED AND DRIFTING OSCILLATORS

We aim at analyzing the stationary partial synchrony states
observed in Sec. II with a self-consistency equation. We follow
Kuramoto'® and Strogatz'’ in the derivation (see Sec. 4 of Ref. 17). As
an overview, we will evaluate the order parameter R via the integral

o] 2
R= ‘/ g(w)/ e P(p, w) dp dw|, (6)
—00 0

where g(w) is the frequency distribution and P(¢, ) is the probabil-
ity density of oscillators at phase ¢ and frequency w.
We split the oscillator population into two groups:

1. Phase-locked oscillators, denoted locked: ¢; = 0.
2. Phase-drifting oscillators, denoted drifters: ¢; # 0.

Note that for all asymptotically stable stationary states, each oscilla-
tor can only either be locked or drifting. However, for a # 0, there
is always a range of natural frequencies that allow oscillators to be
either locked or drifting depending on initial conditions, and both
oscillator states provide a multitude of locally stable configurations
with varying ratios of locked vs drifting oscillators (see green region
in Fig. 2). Thus, the adaptive capability of the modified Kuramoto
model in (5) allows for a high level of multistability that is absent
for the non-adaptive model. To make progress in terms of our anal-
ysis, we restrict our focus only to configurations with (i) symmetric
phase oscillator distribution [i.e., P(¢) = P(—¢) with P the (quasi-
stationary) probability density distribution] and (ii) with maximal
locking, i.e., the maximal number of oscillators reside in the locked
oscillator state—in other words, we adhere to the principle that “all
that can lock, do lock.” We denote the maximal possible frequency
of locking with wy,. For a discussion of challenges encountered for
asymmetric distributions, see Appendix D.

We may express the order parameter R as having two contribu-
tions—due to locked oscillators and drifters,

/ -dwl|.
|w| <oy

f -dw
|@|>wg,

Let us first consider the drifters, the oscillators that do not lock
to the mean field and for which ¢; # 0. Note that we anticipate a
nearly identical calculation as in the case of the classical Kuramoto
system.'®'” Taking the limit € — 0, we can average the fast phase

+ (7)

R = Rpgrirr + Rrock =
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FIG. 2. The phase-frequency relation (14) in three qualitatively different sit-
uations. (a) Injective relation with stable phases only around 0, (a,R,o)
= (1,0.88,0.6), (b) positive adaptation non-injectivity with additional stable
phases around phase 7, (a,R,o) = (2,0.81,0.65), (c) negative adaptation
non-injectivity, splitting of stable phases on either side of phase 0, (a,R, o)
= (—2,0.68,0.05). The R values were obtained from direct numerical simu-
lations of the states (bottom sub-panels). Additionally, each of the three pan-
els shows the dynamic average frequency (¢;); on the left, and an example
state of system (5) on the bottom with € = 0.01 and N = 10* (locked oscil-
lators blue, drifters red). The shaded vertical/horizontal stripes mark particular
phase/frequency domains: blue/orange marks the domain where oscillators lock
and cyan/green marks the domain where oscillators can either drift or lock.
The horizontal dark orange marks the frequency domain that allows locking at two
distinct phases. Outside these regions, oscillators drift. All illustrated states have
configurations with maximum locking, obtained by using initial conditions with high
absolute values for ;. The state of panel (c) has no drifters, corresponding to a
fully locked state (due to finite N, note that the continuum limit always displays
drifters).
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dynamics in Eq. (5b),”>*
ki = €(1+ aR{cos(¢); — K1), )

where by (-); we denote the time average limit: (-); = limy_, lT fOT
-dt. In this averaged slow dynamics, «; tend toward a certain station-
ary value,

€' =14 aR{cos(¢;)):. )]

This is the case for the limit € — 0, but for finite € < 1 this is still
a good approximation - while «; variables are not exactly station-
ary, they only weakly deviate from this value. We can substitute this
K value into the phase equation (5a) and obtain a simple ensemble
of phase oscillators coupled via the first harmonic, in similarity to
the analysis for the Kuramoto model with heterogeneous coupling
strengths,"”

@i = w; — (1 + aR(cos(¢;)) )R sin(¢:). (10)

Since we are considering drifting oscillators, we do not expect their
phases to become stationary, but in the continuum limit of N — oo,
we do expect their probability density to be stationary. Their density
is inversely proportional to their velocity,

C

C
P o) = = o = aRcos@) oRsintg)] D

(with C € R the normalization constant). The term (cos(¢)); turns
out to be zero, which implies «;* = 1, and so for drifters, the gov-
erning phase equations are identical to the Kuramoto model (see
Appendix A 1 for a derivation). [This is why some oscillators
can drift or lock depending on initial conditions since they can
adjust their coupling to either «;* = 1 if they are drifting or «* =1
+ aR cos(g;") if they lock.]

We can evaluate integral (6) for drifters using the expression
for their probability density (11). Importantly, keep notice of the
symmetry,

P(p + 7, —w) = P(p, w), (12)

which will be crucial in showing that the contribution of drifting
oscillators to the mean field vanishes, just like it does in the case of
the standard Kuramoto model.'>'” Additionally, remember we only
consider symmetric frequency distributions g(w) = g(—w). Consid-
ering the symmetries of the phase density P(¢, ) and frequency
distribution g(w), we observe that the integral for drifting oscilla-
tors vanishes (see Appendix A for the derivation). Thus, drifters do
not contribute to the mean field R and we may ignore the Rpppr = 0
term. Note that the limit € — 0, therefore, gives a lower bound of R
for the general case, since for € > 0, the drifters have a positive net
contribution Rpgier > 0.

Now let us consider the locked oscillators, for which ¢; = 0.
Since their phases are locked, their probability density is effectively
a § function in phase: P(¢,w) x §(¢*(w)). This means the phase
integral in (6) can be evaluated at the stationary phase ¢ (w) and
only the frequency integration remains. We will now express this
stationary phase value ¢* ().

Locked phases inevitably imply that the corresponding topol-
ogy variable «; is also locked, k; = 0. We can express the stationary
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value,
k' =1+ aRcos(p)). (13)

[Note that we could also obtain this result by evaluating the time-
averaged solution (9).] Substituting (13) into the fixed point condi-
tion for the phase equation (5a) yields the relation between phases
¢; and their corresponding frequencies w;,

. aR® .
w = Rsin(gp) + - sin(2¢). (14)

Note that (14) defines functional relation for each oscillator i,
w; = f(¢;), which is not necessarily injective, i.e., for the same fre-
quency w, there can be more than one stable phase value ¢. [Expres-
sion (14) always has four complex-valued solutions, but we are only
interested in the real-valued ones, which can be 2 or 4. Addition-
ally, we care about stable solutions that satisfy g—‘;’ > 0, since they
represent viable system states. Real-valued solutions come in sta-
ble-unstable pairs so if there are two solutions in total then one
is stable, and if there are four then two are stable.] This is what
gives rise to two phase cluster states, as we will see further below in
the subsequent analysis. Since the phase-frequency relation (14) is
a second-order harmonic, we can expect at most two-cluster states.
If higher-order harmonics were introduced in either phase coupling
(5a) or the adaptation rule (5b), it could raise the order of the phase-
frequency relation, in which case larger multi-cluster states could be
expected. In Fig. 2, we plot relation (14) for different adaptivity a.
There are three qualitatively different situations,

e |a| < 1: (14) is injective, and the analysis is analogous to the
regular Kuramoto model. Only one-phase-cluster states are
possible [see Fig. 2(a)].

e a > 1: (14) produces another bump around phase 7, which
can give rise to two-phase-cluster antipodal states (main clus-
ter around phase 0 and a smaller cluster around phase )
[see Fig. 2(b)].

e a < —1: (14) produces another bump around phase 0, which
can give rise to (potentially unstable) two-phase-cluster states
(both clusters of roughly equal size on either side of phase 0)
[see Fig. 2(c)].

The threshold values that determine phase locking regions
@ihr1> Prhrz €an be expressed explicitly,

1
Qthr1 = Arccos (—4 R (—1 ++v1+8a? R2)> s (15a)
a

1
Qthry = Arccos (ﬁ (—1 —vV1+8a? Rz)) , (15b)
a

and so can the maximal locking frequency threshold,

G+VIt8aR)’
321 +/1+8a2R)
V. SELF-CONSISTENCY EQUATION FOR THE ORDER
PARAMETER R

We define the order parameter R as the absolute value of the
mean phase exponentials, i.e,, Eq. (6). We have already seen that

Wihr = a)(gathrl) = R\/ (16)

pubs.aip.org/aip/cha

the drifters do not contribute to the order parameter and that the
locked oscillators may only have one (or two) phase values for each
frequency w—because we only consider maximal locking states (“all
that can lock, do lock”), otherwise one could talk about having a dis-
tribution of phase values for frequencies that allow for locking and
drifting (green strip in Fig. 2). We can, therefore, express the order
parameter with an integral over the frequency only,

R= ) (17)

Othr
/ @ g(w) dw
~Othr

In the case where there are two phase values ¢ for each fre-
quency o, this expression should be interpreted more broadly (see
Appendix C). Additionally, since we only consider symmetric phase
distributions [with symmetric frequency distribution g(w)] and
move into the rotating frame of reference, we need only consider
the real component of the order parameter (the integral over sin(¢)
cancels),

Othr

R= / cos(p(w))g(w) dw. (18)
~@thr

However, it is worth noting that in general for non-symmetric phase

distributions, we have to consider the general case (see Appendix D

for details).

We perform a change of variables using relation (14) and
re-write the integral over the phases while keeping in mind the
non-injectivity of this relation. Thus, we obtain a self-consistency
equation for the order parameter R,

R = R/ [cosz(go) + aR cos(p) cos(2<p)]
D(p)

. ar’
X g <R sin(p) + - 51n(2<p)> de. (19)

The phase domain D(¢) can be as simple as (—@ur1> 1) but can
also be non-trivial since we can have two-phase cluster states (see
blue region in Fig. 2). Also keep in mind that a portion of oscillators
can either be locked or drifting depending on their initial conditions
(green strip in Fig. 2), although we here always consider the maximal
locking solution and, thus, “all that can lock, do lock.”

A. The choice of domain D(p)

We have to be mindful of what we mean by integrating over the
phases: we know that relation (14) is not necessarily injective, as well
as some oscillators with natural frequencies R < |w| < wy, may be
locked or drifting. We also note that we have a choice in defining
the integration domain D(g), as it corresponds to which states we
are trying to capture with our self-consistency equation (19). For
example, in the case of strong positive adaptation [Fig. 2(b)], we
can consider only one cluster state and integrate only over the main

branch around ¢ = 0,
Pthrl
R=["" a0 20)

Pthr1
or we can consider a portion of oscillators to lock at a different

phase and, thus, contribute to the second (antipodal) phase clus-
ter. Only oscillators within a particular range of frequencies have
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this choice [see thin dark orange stripe in Fig. 2(b)]. Specifically,
suppose oscillators with frequencies ranging from —w' to ' go in
the antipodal cluster. We can choose ' as the parameter. To write
the integral in terms of the phase, we then have to find the corre-
sponding phase threshold values which we compute numerically by
satisfying Eq. (14) with wt on the left-hand side. This yields two
phase solutions, near zero: ¢; and near 7: @}. The integral is then
written as follows:

@thr1 271—%1; wg
sz ~d(p+/ ~dgo—/ - de. (21)
~®thrl W?Tr *‘ﬂg

For strongly negative adaptation, we always get two phase
clusters [see Fig. 2(c)] but we still have to make a choice of the inte-
gration domain. We here only consider the symmetric solutions and
an injective relation (14) where all negative frequencies go to one
cluster and all positive to the other (this appears to be the common
attractor for starting with a completely incoherent state). We have to
look for the phase value that is the non-trivial zero of relation (14):
¢*, and the self-consistency integral is now written as

5

—¢ Pthrl
R=/ -d(p+/ - de. (22)
—¢thrl @*

VI. PHASE DIAGRAM

We analyze the row-averaged system (5) based on solving
the self-consistency equation (19) using analytical (Sec. VI A) and
numerical methods (Appendix B) to determine the associated sta-
bility diagram shown in Fig. 3. To examine non-stationary phase
configurations, these results are further complemented by numerical
simulations of Eq. (5) in Fig. 3(a).

A. Incoherence-coherence transition

Looking at the self-consistency equation (19), we can see that,
irrespective of parameter choice, R = 0 is always a solution, corre-
sponding to incoherent oscillations. The question is whether this
solution branch for the self-consistency equation is the only one or
if other solution branches exist, and if the branch R = 0 describes
a stable oscillator configuration. Following the steps of Kuramoto’s
original analysis,'*"” we consider (19) in the limit R — 0, which
yields

1 = g(0) cos’(¢)de (23)
D(p)

for which the integration domain in this case is (—m/2,7/2). Study-
ing this reduced self-consistency equation, we may find a condition
for which another solution arises. The integral in (23) evaluates to
/2 so that the transition only depends on the shape of the fre-
quency distribution, more specifically, the value of the frequency
distribution at @ = 0,

2
g0 == (24)

Remember that we consider the normal distribution for g(w) and
as such g(0) is just determined by the width of the distribution
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FIG. 3. (a) Phase diagram. The transition from the incoherent to the partial
synchronous state at o, = /7/8 (black line) is independent of adaptivity a.
For positive adaptivity a > 0, a fold bifurcation (orange curve F) is seen in the
o > o, region. A region of bi-stability (orange) between incoherence and partial
synchrony lies between the fold bifurcation and transition at o,. Two-phase-
cluster states with a high level of multistability can occur in a parame-
ter region (green hatching) characterized by a non-injective phase frequency
relationship (14). For a > 0, all states are stationary; more intricate dynamics
are possible for a < 0: numerical integration of Eq. (5) reveals stationary solu-
tions (blue squares) for small o'; periodic solutions (red) for larger o'; and chaotic
dynamics for even larger o (purple). (b) and (c) Order parameter R as a function
of o by solving the self-consistency equation (19), and the classical Kuramoto
transition (black) as a comparison. (b) Intermediate adaptivity: Positive a = 1
(orange curve) reveals a fold bifurcation (F), which is absent for negative adaptivity
(blue curve for a = —1). (c) Stronger adaptivity: For positive a = 2, we observe
a region of dense multistability: neutrally stable branches (orange curves) corre-
sponding to non-trivial two-phase clusters with varying ¢ values (see Sec. VI C)
are shown: ¢y = 0, ¢y = 0.05, ¢, = 0.1, and ¢; = 0.3. For negative a = —2,
the stationary branch is mostly unstable (dotted blue curve) with periodic/chaotic
solutions. For small o, a narrow region with two-phase clusters is observed. All
depicted branches represent maximal locking configurations, and the range of
different R values is due to different proportions of oscillators in the antipodal
cluster.
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o: g(0) = = 1271.

solution branch of R is, therefore, at

b
0. = /g ~ 0.6266. . .. (25)

We indicate this critical o, as a black vertical line in Fig. 3(a). Fur-
thermore, we ask what is the shape for small R near this transition
point. Expanding (23) in terms of o, we find that

The critical value for the onset of a non-trivial

lo—o.
R=-
a C

where o, = \/% and C = [ cos(p) cos(2g) dg /21 = \/g

+ O(?), (26)

B. Non-adaptive limit (a =0) and small adaptation
(a~0)

We continue by explaining the dynamics for the case of no
adaptation, which is identical to the dynamics observed for the
classical Kuramoto model. There are only two regions: the incoher-
ent region where R = 0; and a partially synchronous region where
R > 0. The transition from incoherence to partial synchrony was
analytically determined by Eq. (25), shown as a black line in
Figs. 3(b) and 3(c). The shape of the order parameter [gray curve in
Figs. 3(b), 3(c) and 4(a), 4(b)] near this transition is approximated
by Eq. (26).

Any non-zero amount of adaptation allows some oscillators to
reside in either locked or drifting configurations, consistent with a
certain range of natural frequencies (see Sec. I'V). Thus, for non-zero
adaptivity, a # 0, there is always a spectrum of neutrally stable con-
figurations for the oscillators to occupy, corresponding to varying
ratios of locked vs drifting oscillators that result in slightly different
R values. (The states are stable against small perturbations of any
oscillator, but in the continuum limit any perturbation to a single
oscillator can be considered small to the system so we call them neu-
trally stable.) As mentioned previously (Sec. IV), we always focus
on the maximal locking configurations (Fig. 3 depicts only branches
with maximal locking).

C. Positive adaptation: Bistability of partial
synchrony/incoherence and two-phase-cluster states

With positive adaptation, the domain of partial synchrony
extends to the region with o > o, until it disappears in a fold bifur-
cation [orange curve in Fig. 3(a)]. In this region, configurations of
partial synchrony and incoherence co-exist as stable states [orange
region in Fig. 3(a)]. When adaptivity a is raised above a critical value,
we observe additional two-phase cluster states [hatched green region
in Fig. 3(a)]. For each parameter choice where two-phase clus-
ters occur, they form a continuum of coexisting two-phase-cluster
states that occupy a range of different R values [shaded orange
region in Fig. 3(c)]. The full lines within the orange shaded regions
in Fig. 3(c) represent specific choices for two-phase-cluster state
branches, obtained by solving the self-consistency equation (19).
The hatched boundary in Fig. 3(a) was found by expressing the
self-consistency equation in terms of a for the condition R = * and
solving it (see Appendix B). Note that all states are macroscopically
stationary partial synchrony states.
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FIG. 4. (a) and (b) Bifurcation diagrams obtained via quasi-continuation of the
row-averaged model (5) with N = 10* oscillators and € = 0.1. (a) For positive
adaptation, a = 2: several sweeps using different initial conditions (see text)
reveal a family of neutrally stable solution branches (black, red, green, blue cir-
cles), matching well the solutions of the self-consistency equation with varying
values of ¢ [orange curves, same values as in Fig. 3(c)]. Quasi-continuation in
forward/backward direction reveals hysteresis (black circles). (b) Negative adapta-
tion, a = —2: forward and backward continuation reporting max; R reveal stable
stationary solutions (2C), and periodic solutions (O, blue shaded region) undergo-
ing a cascade of period doubling bifurcations (PDs) leading to chaotic dynamics
(chaos). A narrow region around o = 0.16 with bistability between stationary
and non-stationary solutions is observed (hysteresis). (c) Example trajectory of a
periodic state witha = —2. (d) Example trajectory of a chaotic state witha = —2.

Due to a high degree of multistability, different state branches
are not uniquely determined by (o, R) since the configuration of
oscillators within the two clusters plays a role as well. We chose
particular configurations of oscillators where all oscillators within a
frequency range (—', ") occupy the antipodal cluster [cf. integral
(21)]. When considering a branch with respect to changing parame-
ter o, the range ' should scale linearly: o' = co,and the parameter
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¢ > 0, therefore, parameterizes different branches. ¢ = 0 means that
none of the oscillators are in the antipodal cluster, and, therefore,
¢ = 0 parametrizes the one-cluster state. ¢ also cannot be arbitrarily
large since o' cannot be arbitrarily large for each .

D. Negative adaptation: Two-phase-cluster states and
non-stationary states

With negative adaptation, we do not observe any bistability
regions between partially synchronous and incoherent states, since
the asymptotic behavior of R around the critical point o, has a
negative slope [see blue curve in Fig. 3(b)]. At every negative a
value, there seems to be a range of o that produce non-stationary
oscillator states. To characterize these states, we sampled parame-
ter space on a grid by numerically simulating Eq. (5) with N = 10*
oscillator nodes. Thus, it was possible to determine whether or not
observed states correspond to stationary, periodic, or chaotic oscil-
lator configurations [blue, red, and purple grid cells in Fig. 3(a)].
Furthermore, for strong negative adaptation, one may also observe
two-phase-cluster states [hatched green region in Fig. 3(a)]; how-
ever, these states appear only to be stationary for a rather narrow
frequency distribution. For these two-phase-cluster states, we also
see a family of solution branches featuring a range of different R
values [blue shaded region in Fig. 3(c)], but this variation is much
less pronounced when compared to positive adaptivity a (orange
shading).

VII. VALIDATION OF SELF-CONSISTENCY WITH
NUMERICAL SIMULATIONS

We compare our results obtained with the self-consistency
equation (19) with direct simulations of the finite row-averaged sys-
tem (5), using N = 10* oscillators with a time scale separation of
€ = 0.1. To do this, we numerically integrated Eq. (5) and performed
a quasi-adiabatic continuation while varying the parameter o. The
frequencies were deterministically sampled from a Gaussian distri-
bution with unit variance and then re-scaled with the parameter o
while performing the continuation. Results are shown in Fig. 4.

For positive adaptation, we consider a = 2 and perform for-
ward and backward quasi-continuation sweeps in o [black circles
in Fig. 4(a)], starting from the incoherent state at o = 1.1 and
decreasing 0. We observe that the transition from incoherence to
partial synchrony occurs roughly at the critical value o,; the order
parameter jumps to a high value, but not to the maximally pos-
sible value—this is because it goes to a state of less than maximal
locking, i.e., some oscillators that could lock remain drifting. As we
continue to decrease o, the branch merges with the branch of max-
imal locking (top orange curve). Now we reverse the direction of &
continuation and see that the system follows the top stable branch
of maximal locking and drops to incoherence at the fold bifurcation
(F) as expected [see black points in Fig. 4(a)]—i.e., we observe a clear
hysteresis loop.

We also performed three other sweeps [red, green, and blue
circles in Fig. 4(a)] starting from a narrow distribution at o = 0.25
with a two-phase cluster initial condition with different sizes of the
antipodal cluster. (For initial conditions, «; are set to a high posi-
tive value if |w;| < wu, and to a high negative value otherwise. The
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wmr = co determines the size of the antipodal cluster.) The branches
from numerical simulation follow the branches obtained from the
self-consistency equation for the most part but then suddenly col-
lapse onto a branch they all seem to share in common. Finally, this
branch ceases to exist in a fold bifurcation and the incoherent state
is obtained.

For negative adaptation, we consider a = —2 and perform a
sweep of the partially synchronous region in both directions [see
Fig. 4(b)] (starting at the critical o, with incoherent initial condi-
tions). The region between the minimum and maximum value of
the order parameter R is shaded blue. Stationary solutions occurring
for small o values are distinguished from the non-stationary solu-
tions seen for larger o values. We also plot the time-local maxima of
the order parameter, max; (R), to be able to distinguish periodic and
chaotic solutions. Additionally, we notice a small hysteresis around
0 ~ 0.16 where there seems to be a co-existence of the station-
ary and non-stationary solutions. We expect that this bifurcation
diagram depends on the specific choice of parameter .

VIll. DISCUSSION

In this paper, we investigated the dynamics of the adaptive
Kuramoto model in the continuum limit with slow adaptation.
Key highlights include the identification of different states, includ-
ing two-cluster states within dense regions of multistability, and
the finding that some oscillators can either lock or drift depend-
ing on initial conditions. We introduced a reduced approximative
model, simplifying the analysis for large systems. We derived a
self-consistency equation for the order parameter, revealing the con-
ditions for the transition to synchrony. We presented a stability
diagram, highlighting the effects of positive and negative adaptivity,
including regions of bistability and multistability for positive adap-
tivity, and non-stationary states for negative adaptivity. Finally, we
validated our theoretical findings through numerical simulations,
confirming the predicted behaviors and transitions.

The adaptive Kuramoto model we studied introduces signif-
icant differences compared to its classical non-adaptive counter-
part. While the classical Kuramoto model produces only asymp-
totically stationary states (on the macroscopic scale) of either
complete incoherence or partial synchrony, the adaptive model
exhibits a richer variety of behaviors, including macroscopically
non-stationary states [see Figs. 1(d), 4(c), and 4(d)]. Additionally,
the adaptive model shows dense multistability of states for the same
parameters but different initial conditions. Notably, it can produce
clear two-phase cluster states [Figs. 1(c) and 2(b)] and generally
asymmetric phase distributions, unlike the symmetric unimodal
phase distributions observed in the classical model (for symmetric
frequency distributions). This highlights the enhanced complexity
and dynamic richness of the adaptive Kuramoto model. Moreover,
the high degree of multistability in the adaptive Kuramoto model
suggests potential applications in memory tasks, as the system’s
ability to exist in numerous states can be harnessed to represent
multiple memory configurations, thereby facilitating learning and
information storage.

On the microscopic scale, the adaptive Kuramoto model also
shows significant differences from the classical model. In the
Kuramoto model, each phase can have either only one fixed point or
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no fixed points, which determines whether it locks or drifts respec-
tively. However, in the adaptive model, there is a range of natural
frequencies that allow oscillators to either drift or lock depending
on their initial conditions (see Fig. 2). This ability to either drift
or lock contributes to the multistability of states observed on the
macroscopic scale.

Comparing our work to Seliger et al,” they use an adapta-
tion rule without a constant term in Eq. (1b), which implies their
model does not generalize the classical Kuramoto model if adapta-
tion vanishes (such models have since been considered in several
works'>****). Without this term, Seliger’s rule yields a pure second-
harmonic phase coupling for stationary solutions, while our rule
yields mixed first- and second-harmonic coupling. Additionally,
Seliger et al. study a finite ensemble with uniformly distributed fre-
quencies, allowing for fully stationary states. In contrast, we consider
the thermodynamic limit N — oo with normally distributed fre-
quencies, which always result in partial synchrony and aligns our
work more closely with Kuramoto’s study.'®!”

We now compare our reduced row-averaged model (5) to the
full N* edge model (1). All discussed phenomena (non-stationarity,
dense multistability, and two-phase cluster states) are present in
both models. While it is possible that the full model exhibits addi-
tional phenomena not captured by the reduced version, we did not
observe any and expect that all the interesting features, one might
find in the full model also appear in the reduction in some form.
There are certainly quantitative differences between the two how-
ever. The two models are most similar under conditions of small
adaptivity a, near incoherence (R = 0), or near high synchrony
(R = 1) single cluster states. Settings where they differ most involve
high adaptivity and pronounced two-phase cluster states. For exam-
ple, here we describe the most difference-contrasting setting, we can
think of a > 1 and a nearly 50-50 split two-phase cluster state. In
the full model, the main cluster at phase zero would have very high
k; values, and the other cluster at phase 7 would have highly neg-
ative k; values. This state is very stable in the full model, with the
first order parameter R close to zero and the second order parame-
ter R, = (%) close to one. In the reduced model, such a state would
not be as pronounced and might not be able to sustain such an even
split due to R =~ 0.

The high dimensionality inherent to adaptive networks raises
the question whether we can study reduced models instead while
appropriately capturing the complexity of the dynamics. It is,
therefore, interesting to compare different methods of dimensional
reduction. Our reduced row-averaged model (5) contrasts with the
even more reduced model by Duchet et al.”’ (E2) in several ways.
The reduction used in the work by Duchet et al. relies on averaging
the coupling matrix to a single dynamic variable and combining this
with Ott-Antonsen reduction applied to the phase dynamics.”*
Thus, both the coupling and phase dynamics are each reduced to
single mean field variables. As such, the resulting approximated
two-dimensional dynamics of the single population Duchet model
(Appendix E) cannot exhibit chaos; however, the model can exhibit
macroscopically periodic states (see Appendix E). The macroscopic
model only represents single cluster states and cannot display any
microscopic effects such as oscillators having a choice of locking
or drifting, nor can it represent the associated coupling strengths.
Moreover, the Duchet model does not display non-stationary states
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for a > —1 (Appendix E); this stands in contrast to our larger
dimensional model relying on row averaging. This observation illus-
trates well the compromises one may pay for any type of approxi-
mate dimensional reduction. However, due to its simplicity, one can
consider a multi-population Duchet model, which assumes there are
several populations of oscillators. The dynamics of each population
is represented by its own order parameter, which interact via the
multi-population coupling. To represent simple two-phase-cluster
states, at least a two population model is required. The downside is
that one has to choose the proportions of locked vs drifting oscil-
lators in each population as a predetermined parameter [similar to
choosing the value of cin (19)]. By contrast, our row-averaged model
settles into one of a family of phase (and coupling) configurations
depending on initial conditions; an example is two-phase-cluster
states, where individual oscillators reside in one of two specific phase
configurations (while at the same time, they can reside in drift vs
locked phases, too). Thus, this proportion has the character of an
emergent property.

We now compare the continuum limit to the previous work of
only two adaptive oscillators,* highlighting the key similarities and
differences. For N = 2, Eq. (1) reduces to

¢ = o — Ksin(gp),
Kk =€(l +acos(p) — k),

where ¢ = ¢; — ¢, and w = w; — w, are the phase difference and
frequency mismatch of the oscillators. The adaptivity parameter a
has the same role in both models, but the width of the frequency
distribution o does not have a one-to-one analog in the case of two
oscillators, but we can relate it to the frequency mismatch of the
two oscillators. We focus on figures Fig. 3(a) and Fig. 3 in Ref. 14
as they offer the clearest comparison. We identify three points of
comparison: (i) for positive adaptation, the domain of synchroniza-
tion increases with adaptation in both models. This can easily be
rationalized for N = 2 oscillators, where the condition for locking
is || < |«™|, where ¥ = 1 4 acos(¢™). Thus, positive adaptivity
(a > 0) increases the effective coupling strength, even if imperfect
locking (¢™) occurs due to heterogeneity (w # 0). By analogy, a
similar argument applies to row-averaged equations (5), except that
the coupling strength is now modulated with the order parameter.
However, in the continuum model, negative adaptation does not
increase the synchrony domain, while in the two-oscillator case, it
still increases. (ii) In both cases, there exist situations where the
oscillators may either lock or drift depending on the initial condi-
tions. However, in the continuum limit for any non-zero adaptation,
there is a portion of oscillators that can drift or lock, while for
two oscillators, there is only a specific parameter region that allows
where this occurs. (iii) In both cases, there exists a parameter region,
which allows (some) oscillators to lock at two different phases,
and in both cases, those regions are for |a| > 1. In the continuum
limit, this allows for the two-phase clusters, while for two oscilla-
tors, it just means more possible stable solutions. These comparisons
highlight the fundamental behavior observed in both systems and
demonstrate the general influence of adaptation on phase oscillators,
scaling from two oscillators to a continuum.
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Future work can investigate how similar our reduced model (5)
is to the full pairwise model (1), better identifying which dynam-
ical features are preserved and which differ between the two. One
may also extend the considered model in several ways: (i) Consider
a more general phase model, such as an ensemble of adaptive theta
neurons and proposed in Ref. 27, which could provide a more bio-
logically relevant perspective. (ii) Generalize the adaptation rule (1b)
to include, e.g., asymmetric coupling, and see how that affects the
coherent patterns, and how one could devise a reduced model simi-
lar to (5) in that case. (iii) Examine the effects of noise on the dense
multistable states we have identified, showing how noise influences
the stability of these states. Additionally, exploring the memory
capacity and learning mechanisms in both the full (1) and reduced
(5) models could demonstrate how these systems maintain mul-
tiple stable configurations, with potential applications in memory
representation and retrieval.
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APPENDIX A: CONTRIBUTION OF DRIFTERS TO THE
MEAN FIELD R

Let us evaluate the integral (6) just for the drifters, using
the expression for their probability density (11). Importantly,
remember that we only consider symmetric frequency distributions
g(w) = g(—w), and the phase density symmetry: P(¢ + 7, —w)
= P(¢,w). Combining these two symmetries, we can split the fre-
quency integral into two intervals of w,

2
/ g(w) [ €Y P(p, ) dp dw
|w]>wh, 0

2w
= / g(w) / €Y P(p, ) dp dw
W<—Wy 0

2
+/ g(w)/ e“P(p, w) dg dw. (A1)
W>Wthy 0

pubs.aip.org/aip/cha

In the first integral, apply a transformation of variables: w > —w,
2m .
/ g(—w) / Py, —w) dp dw
0>wg, 0

2
+ / g(w) / ¢’ P(p, w) dp dw. (A2)
W>w, 0

Using the symmetry of the frequency distribution, g(w) = g(—w),
we can combine both terms in a single integral,

2
/ g(w) / ¥ [P(g, —o) + P(¢, »)] dp dw. (A3)
W>w 0

Recalling the symmetry P(p + 7, —w) = P(¢,w), we see that in
terms of phase, the two contributions (terms of P) are simply shifted
with respect to each other by a phase-shift of 7z,

2
/ € [P(¢ — 71, 0) + P(p,w)] do. (A4)
0

We split the integration intervals into two,

2

/ ¢’ [P(p — ) + P(¢)] dg + f ¢’ [P(p — 1) + P(¢)] dg,
0 b4

(A5)
and with a transformation of variables: ¢ > ¢ — 7 in the second

integral (and keeping in mind that P(¢) is 27 -periodic), we see that
the two integrals cancel each other,

0= f ¢ [P(p — 1) + P(¢)] dg
0

- f ¢ [Pp — 27m) + Plp — )] dp.  (A6)
0

Therefore, the net contribution of drifters to the mean field R is zero.

1. Evaluating stationary «;-values for drifters

We can express the «;' variables as
€' =1+ aR{cos(®)): (A7)

We attempt to compute the averaged term (cos(¢));. We can rewrite
the associated integral in terms of phase ¢ using the density (11),

T
(COS(w))t=Tlim f cos(p(t)) dt (A8)
— 00 0

1 2
- / cos()P(p, w) dg
T Jo

2
_c f S 4 (a9
2w Jo  |w— (1 4 aR{cos(¢));)Rsin(p)|

Since the term (cos(¢)), is time-averaged, it does not depend on
phase ¢, meaning that on the right we just have an integral of

a trigonometric function over its period and that equals to zero:

fzﬂ cos(e)
0  w—Asin(p)

dp =0 (A € R just a constant). We can, therefore,
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conclude that the term (cos(¢)); must be zero,

(cos(p)); = 0. (A10)

This result combined with (9) implies that the stationary value for
the coupling strengths of drifters simply is given by

Kkt =1. (A11)

i

As a consequence, this means that—considering drifters—the phase
equation (10) now looks identical to that of the Kuramoto system,
and so the same analysis'” applies here.

APPENDIX B: ITERATIVE SOLUTION OF THE
SELF-CONSISTENCY EQUATION

The fold of the transition for positive a (red line in Fig. 3)
is solved numerically by iteratively solving the self-consistency
equation (19),

f(R) = / o [Rcos*(¢) + aR* cos(p) cos(2¢) ]

$thrl

. ar®
X g (R sin(¢p) + -5 sm(2<p)> do, (Bla)

Rn-H =f(Rﬂ)> (Blb)

which converges when using an initial guess 0 < Ry < 1 and fixed
o. We may start this iteration scheme using a large 0 < R < 1 as
initial value consistent with partial synchrony, as expected for small
o. Upon convergence, we may progressively increase o and solve for
the next value of R(0). This process is continued until we find values
of o with R — 0, corresponding to incoherence.

We also know that for high |a|, we get the intriguing two-
cluster states. The point at which these may occur is when the
phase-frequency relationship (14) becomes non-injective, i.e., when

1

=, (B2)
lal

With this condition, we may rewrite the iterative scheme for solv-
ing the corresponding self-consistency condition in terms of a only.
Thus, we may compute the boundaries of existence for the two-
cluster states (blue lines in Fig. 3). First, we evaluate the integration
boundaries @y, (152),

big 1
3 forR = —,
@Pthr1 = 27T a 1 (B3)
— forR=—-.
3 a

Then, we obtain the following iteration scheme:

$thrl

Pthrl [ ] 1
fla) = |:/ |:; cos?(p) + - cos(¢) cos(2¢)]

1. 1 B
X g (; sin(p) + % sm(2<p)) d(pi| , (B4a)
Ani1 =f(an)~ (B4b)
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APPENDIX C: INTERPRETATION OF EXPRESSION (17)
FOR TWO-CLUSTER SOLUTIONS

A crucial way in which the addition of adaptivity generalizes the
classical Kuramoto analysis'®'” is that the phase-frequency relation
(14) is non-injective. Because of this, expression (17), i.e.,

>

Othr
R= ‘ f g g(w)dw
~Pthr
may broadly have to be interpreted as two integrals,

Othr . .
R= ‘/ [P + (1 —p) e g@)dw|,  (C1)
~Othr

where ¢, (w) and @, (w) are the phase relations for the first and sec-
ond phase cluster, respectively, while real-valued p > 0 and (1 — p)
> 0 are their occupations, respectively. In general, p = p(w)
depends on the frequency w [and via (14) on the phase ¢], as
it encodes different phase configurations between the two phase
clusters. For example, one could consider a state where

0 forl|o| < o,

plw) = (C2)

1 otherwise,

as is the case in Figs. 3(c) and 4(a).

APPENDIX D: SELF-CONSISTENT EQUATION FOR THE
ASYMMETRIC PHASE DISTRIBUTION

In the main text, we only consider symmetric phase distribu-
tions, but here we outline how the analysis would look like for the
case of states with asymmetric phase distributions. We can still move
into the co-rotating frame of reference & = 0 and still get stationary
coupling: «' =1+ aRcos(¢;). However, the ensemble-averaged
dynamic frequency (¢;) may differ from the mean frequency {(w;)
and is expressed as

. . ar®
(¢i) = —R(sin(g;)) — T(Sln(2¢i)) (D1)

(we here denote the ensemble average with (-) = zlv >.+). The
locked oscillators still all have identical frequency: ¢; = {(¢;), which
we use to express the phase-frequency relation:

RZ
w; = R[sin(g;) — (sin(g)] + “7 [sin(2¢;) — (sin2p))]. (D2)

Additionally, since the phase distribution can be asymmetric, we
have to be careful about how we evaluate the order parameters,

2 2
oo [ - [omrsns].

So now the self-consistency iteration has to be done for both
S = (sin(¢p)), S2 = (sin(2¢)), and C = {cos(¢p)), with
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S = (sin(p)) = /sin((p)g (R[sin((p) —S]+ %aR[sin(Z(p) - SZ]) (R sin(p) + aR? sin(2(p)) do, (D4a)
$2 = (sin(2p)) = / sin(2p)g (R[sin(<p) —S]+ %aR[sin(Z(p) - sz]) (Rsin(p) + aR*sin(2¢)) dg, (D4b)
. 1 . . .

C = (cos(p)) = /cos((p)g (R[sm((p) —S]+ EaR[sm(2<p) — SZ]) (R sin(g) + aR? sln(2<p)) de. (D4c)

Finally, we may then calculate
R=8&+C. (D5)

This is process is fairly complicated, and we did not see that this
iterative approach converges well. One might also loop through all
three values S, S2, C for every o, but such a process seems computa-
tionally too expensive. For these reasons, we refrained from solving
the iterative scheme for asymmetric phase distributions.

APPENDIX E: EXACT ANALYSIS OF PERIODIC
SOLUTIONS IN A SIMPLIFIED MODEL

For studying stability, to see where we can expect periodic
solutions, we take an even simpler system, like Duchet et al.”,

K= ﬁZKi,

¢ = w; — kRsin(g), (Ela)

k =e(l 4 aR? — k). (E1b)

If we consider heterogeneous frequencies drawn from a Cauchy
distribution with FWHM y, we can further reduce the system to
two macroscopic variables R and « (the phase angle of the order
parameter trivially decouples),

R=R(-y+3(1-R)), (E2a)

k=e(1+aR — k). (E2b)

FIG. 5. Solution branches for R from the simplified Duchet-Bick model (E1).

The associated fixed point conditions are

2
Ro= [1—X «y=1+aR, (E3)
Ko

where we reject the branch with Ry < 0. We may iteratively elimi-
nate dependencies on R, and k, to obtain explicit parametrizations
for the fixed point solutions (+ and - correspond to stable/unstable
branches),

\/a—l:l:\/(a—{—l)z—Say
Ry = ,

E4

2a (E4a)
a+1 a+1\’

Ko = 5 + ( 5 )—Zay, (E4b)

where R, is plotted in Fig. 5. The stable branch for y =0 is
R=1ifa> —1, andelse R = 1//]al. )

The (linear) variational equation is x=7]-X, where
% = [AR, Ax]T with AR = R — Ry, Ak = k — k, and the Jacobian

—R%*«¢ 20
y=| 7 T (ES)
2aeR, —e€
The determinant and trace are
2
det J = eRg <K0 — —y) , (E6)
Ko
Tr] = —e — Riky. (E7)

A saddle-node bifurcation between a saddle point and a stable node
occurs when det ] = 0 and TrJ < 0. The trace remains always neg-
ative, since we consider positive values of € and Ry only, and ko
can also be shown to be positive for all parameters of concern. The
determinant is positive for a > —1, and otherwise negative. To see
this, we only have to ask where o — i—y changes sign. Applying the
fixed point solution (E4b) to this condition, we find that crossing
the a = —1 boundary, the saddle-node bifurcation occurs. As a con-
sequence, the Duchet model does not display non-stationary states
above a = —1 (see Sec. VIII).
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