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We present an exact dimensional reduction for high-dimensional dynamical systems composed of N identical
dynamical units governed by quasi-linear ordinary differential equations (ODEs) of order M . In these sys-
tems, each unit follows a linear differential equation whose coefficients depend nonlinearly on the ensemble
variables, such as a mean field variable. We derive M +1 closed-form macroscopic equations of order M with
variables that exactly capture the full microscopic dimensional dynamics and that allow reconstruction of
individual trajectories from the reduced system. Our approach enables low-dimensional analysis of collective
behavior in coupled oscillator networks and provides computationally efficient exact representations of large-
scale dynamics. We illustrate the theory with examples, highlighting new families of solvable models relevant
to physics, biology and engineering that are now amenable to simplified analysis.

Understanding how to extract macroscopic dy-
namics from high-dimensional systems composed
of interacting units remains a central challenge
across nonlinear science. In the context of cou-
pled oscillators, paradigmatic models such as the
Kuramoto system,1–4 have delivered deep insights
into the emergence of synchronization processes
and other collective behaviors. A key break-
through in this area was the discovery of exact
dimensional reductions, notably the Watanabe-
Strogatz theory2,5 and the Ott-Antonsen ansatz,6
which yield closed-form macroscopic equations
that exactly determine the microscopic dynam-
ics. These ideas have been further developed
in works linking oscillator networks to Möbius
group symmetries and ensembles of Riccati-like
equations.7–9 In our work, we extend these meth-
ods to another family of systems — namely, quasi-
linear ordinary differential equations — in which
linear derivatives are coupled through coefficients
depending on a macroscopic mean field, a quan-
tity given by knowledge of the microscopic vari-
ables. We provide a general method for exact re-
duction of quasi-linear systems and illustrate its
application through analytically tractable exam-
ples.

I. INTRODUCTION

The dynamics of large networks of interacting units
are central to many fields, ranging from physics and bi-
ology to engineering and the social sciences. A hallmark
of such systems is the emergence of macroscopic order —
such as synchronization, clustering, or swarming — aris-
ing from simple rules on the microscopic level. Prominent
examples include phase oscillators in neuroscience and
physics,2,10,11 coordination in animal groups,12 power
grid structures13 and epidemic dynamics on complex

networks.4 A major challenge in these settings is to elu-
cidate how large-scale collective behavior arises from the
underlying microscopic dynamics. In particular, for oscil-
lator networks, the ability to derive reduced macroscopic
descriptions that exactly capture the full system dynam-
ics is of great interest.

In coupled phase oscillator systems, exact dimen-
sional reduction techniques have enabled substantial an-
alytical progress. Foundational approaches, such as
the Watanabe–Strogatz theory and the Ott–Antonsen
ansatz, provide exact, closed-form reductions of high-
dimensional dynamics to low-dimensional manifolds un-
der suitable symmetry assumptions.5,6,14 These reduc-
tions often proceed via a mean field framework, yielding
macroscopic equations that not only describe the evo-
lution of collective observables but also exactly deter-
mine the orbits of the underlying microscopic system.
Subsequent work has deepened and generalized these
ideas, providing dimensional reductions for ensembles of
Riccati-like equations whose dynamics are governed by
Möbius group symmetries structure7–9. Together, these
frameworks illustrate how exact reductions link micro-
scopic and macroscopic descriptions, thereby facilitating
a simplified analysis of oscillator networks based on low
dimensional descriptions.

In a recent study, dimensional reductions were ex-
tended to complex-valued Riccati-like systems,9 paving
the way for the treatment of a broader class of dynam-
ics in the complex plane. That study also observed a
classical connection between the Riccati equation and
second-order linear differential equations via a variable
transformation,15 and pointed out that a similar trans-
formation may exist that maps ensembles of Riccati-like
equations to quasi-linear ensembles with nonlinear mean
field coupling (see App. A).

In this work, taking inspiration from this observation,
we develop a formalism for exact dimensional reduction
for a class of systems, which we refer to as quasi-linear
ordinary differential equations. These systems consist of
ensembles of identical oscillatory units whose governing
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equations remain linear in their derivatives, while their
coefficients are functions that depend on a macroscopic
mean field quantity constructed from the microscopic
variables. This quasi-linear structure retains essential
nonlinearity while preserving sufficient linearity to enable
tractable reduction. While exact dimensional reductions
have been well studied for the Kuramoto and Theta neu-
ron model, both of which are based on Riccati-like dy-
namics, they remain largely unexplored for the class of
quasi-linear systems. Our framework identifies the con-
ditions under which such reductions are possible and pro-
vides a methodology for deriving low-dimensional, closed-
form equations that fully capture the high-dimensional
dynamics.

We first motivate the dimensional reduction procedure
using a simple second-order quasi-linear system in Sec. II.
Then we generalize this result to quasi-linear systems of
arbitrary order in Sec. III. In Sec. IV, we explain how de-
pendence on a mean-field coupling with weighted sums
allows for a parameter-independent formulation of the
macroscopic description. We demonstrate the applicabil-
ity of our framework on two concrete examples in Sec. V,
and conclude with a discussion in Sec. VI. Finally, while
the reduction method stands in its own right, we elu-
cidate the connection between quasi-linear systems and
Riccati-like equations that were explored in earlier works,
see App. A.

II. DIMENSIONAL REDUCTION FOR SECOND ORDER
QUASI-LINEAR SYSTEMS

We consider an ensemble of second order ordinary dif-
ferential equations in u(t) = (u1(t), . . . , uN (t)), u : R →
CN , which we refer to as the microscopic equations,

ük + a1(u, t) u̇k + a0(u, t)uk = g(u, t) (1)

for k = 1, . . . , N , where the coefficients a0 : CN × R →
C, a1 : CN × R → C and the inhomogeneous term
g : CN × R → C are scalar complex-valued functions.
Observe that these functions are identical for all nodes
k. Note that system is composed of N equations of order
2, amounting to a 2N solution space.

Derivatives in (1) appear as linear terms, while non-
linearity may enter through the dependence of the co-
efficients a1, a0 and g on u. We therefore refer to the
structure of (1) as a quasi-linear system. In analogy to
linear systems, we refer to the system as homogeneous if
g ≡ 0, and inhomogeneous otherwise.

A physical interpretation of this structure is that u
describes the microscopic dynamics of individual oscilla-
tors, while their effective damping, a1, stiffness, a0, and
forcing, g, may depend on a collective quantity, such as
a mean field of the form U(u) = N−1

∑N
k=1 uk.

Assuming a solution u is known or may eventually
be constructed, we may treat the coefficients a0 and a1
as explicit functions of time. In this light, we expect
that each second order ODE in (1) admits two linearly

independent fundamental solutions of the homogeneous
equations, along with a particular solution of the inho-
mogeneous equations determined by g. This observation
motivates the following procedure.

Our goal is to find a lower dimensional, closed-form
description for the microscopic dynamics, i.e., the evolu-
tion of u(t). To this end, we posit that a superposition
principle exists, and propose the ansatz

u(t) = ξ1X1(t) + ξ2X2(t) + 1Y (t) (2)

where 1 = (1, . . . , 1)T ∈ CN , and X1(t), X2(t) and Y (t)
are scalar-valued functions which we refer to as funda-
mental solutions. Moreover, the ansatz is parameterized
by the vectors ξ1 ∈ CN and ξ2 ∈ CN , the meaning of
which will be discussed later. This superposition mirrors
the classical theory of second-order linear ODEs, where
the general solution is formed from two homogeneous fun-
damental solutions plus a particular solution of the inho-
mogeneous system.

Applying this ansatz to (1), we obtain N identical
equations which — upon invoking the linear indepen-
dence of the fundamental solutions X1, X2 and Y — col-
lapse to 3 macroscopic equations,

Ẍ1 + a1(u, t)Ẋ1 + a0(u, t)X1 = 0, (3a)

Ẍ2 + a1(u, t)Ẋ2 + a0(u, t)X2 = 0, (3b)

Ÿ + a1(u, t)Ẏ + a0(u, t)Y = g(u, t), (3c)

where u is given by the superposition ansatz in (2), which
closes the equations. The macroscopic dynamics are gov-
erned by three scalar second-order ODEs for the func-
tions X1, X2, Y , each contributing two degrees of free-
dom, resulting in a 2 × 3 = 6-dimensional system; this
constitutes a significant reduction in complexity com-
pared to the original 2N -dimensional microscopic sys-
tem (1), and is independent of the number of units N in
the microscopic system.

We stress that this reduction to a lower dimensional
ensemble of ODEs is non-trivial due to the nonlinear de-
pendence of a0, a1, and g on u, and dependence on t. The
validity of this reduction crucially depends on the avail-
ability of the fundamental solutions for the (quasi-linear)
macroscopic equations (3), while the ansatz (2) implicitly
assumes that the microscopic system admits a superpo-
sition principle. Fortunately, under mild regularity as-
sumptions on the functions a0, a1 and g — for instance,
Lipschitz continuity in u — existence and uniqueness of
solutions to the macroscopic equations (3) follows from
the Picard-Lindelöf theorem. Therefore, even if closed-
form expressions for the fundamental solutions as given
by (3) are inaccessible, the macroscopic system can be
solved numerically, offering a tractable and efficient rep-
resentation of the full microscopic dynamics. Thus, the
ansatz yields a self-consistent, dimensionally reduced flow
for the system.

A few comments are in place regarding the role of the
parameters ξ1 and ξ2. First, note that the ξ1 and ξ2
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in the superposition ansatz (2) relate solutions of the
reduced 6-dimensional macroscopic equations with solu-
tions of the original 2N -dimensional equations. The en-
suing reduction in dimensionality prompts that 2N − 6
quantities — i.e., constants of motions – are preserved
by the flow. This suggests that the microscopic solution
space is densely foliated, structured by invariant mani-
folds on which dynamics occur. The parameters ξ1 and
ξ2 choose on which of the manifolds the dynamics occur.
Second, suppose we wish to solve the microscopic system
with specified initial data, we let the macroscopic initial
data be:

X1(0) = 1 , Ẋ1(0) = 0, (4a)

X2(0) = 0 , Ẋ2(0) = 1, (4b)

Y (0) = 0 , Ẏ (0) = 0. (4c)

Recalling the superposition ansatz (2), we then have

u(0) = ξ1, u̇(0) = ξ2. (5a)

In this case parameters ξk correspond to initial data of
the microscopic system.

Note that the parameters ξ1 and ξ2 play a dual role:
they serve as parameters for both initial conditions of
the microscopic equations (1) and the coefficients in the
ansatz (2), so that the macroscopic dynamics (3) indi-
rectly depend on these parameters as well. This depen-
dence is discussed further in Sec. IV.

While the macroscopic system evolves in only six di-
mensions, the full 2N -dimensional solution space of the
microscopic system is retained through the parameters
ξ1, ξ2 ∈ CN , which encode the initial conditions of
the microscopic dynamics. These vectors are fixed for
each solution and remain invariant under the macro-
scopic flow, thereby parametrizing the microscopic so-
lution manifold. In this sense, they act in some sense
as generalized constants of motion: while not conserved
quantities in the classical dynamical sense, they uniquely
label individual solution trajectories and are preserved
by the reduced evolution.

III. GENERALIZATION TO HIGHER ORDER
QUASI-LINEAR SYSTEMS

The dimensional reduction method presented for quasi-
linear equations of second order (1) generalizes naturally
to equations involving higher-order derivatives. Consider
a microscopic system consisting of N ordinary differential
equations of order M in the variable u : R → CN , given
by

M∑
j=0

aj(u, t)u
(j)
k = g(u, t) (6)

for k = 1, . . . , N , where u
(j)
k denotes the j:th derivative

in t. Defining the differential operator

L(v) =

M∑
j=0

aj(v, t)
dj

dtj
(7)

allows us to write the microscopic equations in compact
form,

L(u)[uk] = g(u, t) , (8)

for k = 1, . . . , N . This microscopic system has N equa-
tions of order M , corresponding to a dimensionality of
the solutions space of order NM .

To construct a macroscopic system, we use the gener-
alized superposition ansatz

u(t) = ξ1X1(t) + · · ·+ ξMXM (t) + 1Y (t), (9)

where Xℓ : R → CM , ℓ = 1, . . . ,M , Y : R → C are scalar
functions, 1 denotes the N -dimensional unit vector, and
the with parameters ξℓ ∈ CN (see Sec. II for a brief
explanation concerning the role of these parameters).

In analogy to the reduction for the second-order quasi-
linear ensemble, this ansatz reduces the microscopic
equations (8) into a set of N identical equations contain-
ing the scalar functions Xℓ and Y . Substituting the su-
perposition ansatz into (8), invoking (quasi-)linearity of
L and linear independence of the fundamental solutions
(Xℓ) and Y , these equations collapse to the macroscopic
system becomes

L(u)[Xℓ] = 0, ℓ = 1, . . . ,M, (10a)
L(u)[Y ] = g(u, t) . (10b)

where u will be replaced by the superposition ansatz in
(9). The initial conditions of the microscopic equations
can be prescribed in a clear way by choosing the following
initial conditions for the reduced variables:

X
(j)
ℓ (0) = δjℓ, (11a)

Y (j)(0) = 0, (11b)

for j = 0, . . . ,M − 1. The solutions of the microscopic
system are then determined by the initial conditions

u(j)(0) = ξj+1, j = 0, . . . ,M − 1, (12)

where ξℓ ∈ CN act as the initial data.
Given the fundamental functions (Xj) and Y are ac-

cessible, they form a set of M +1 (linearly independent)
fundamental solutions of the macroscopic system. These
fundamental solutions act as parameters of the superpo-
sition principle and generate the microscopic flow, u(t).
Furthermore, the microscopic initial data ξℓ are (con-
stant) parameters preserved along the generated orbits.

A few comments are in place. The macroscopic sys-
tem (10) has dimension M(M + 1) — observe that this
dimension is independent of the microscopic number of
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variables, N . Therefore, the macroscopic system has a
drastically reduced dimension compared to the micro-
scopic system. Furthermore, if g ≡ 0, the inhomogeneous
term vanishes and Y ≡ 0, the system is closed in (Xj)
alone. We emphasize that this reduction remains valid
even when coefficients aj and the forcing term g include
higher order derivatives of u. What is essential for the
dimensional reduction to be valid is that all coefficients
aj and g are the same for all units k.

IV. WEIGHTED LINEAR MEAN FIELD AND RESCALED
MACROSCOPIC EQUATIONS

In the following, we consider that the coefficients in
the macroscopic equations aj (10) may depend on the
microscopic variables u via a function, U = U(u) with
U : CN → C, so that the coefficient functions are defined
as aj = aj(U, t). While many choices for U are viable,
we focus here on the important case of a scalar-valued
function representing a mean-field, such as the weighted
linear combination of the microscopic variables (uk),

U(u) =

N∑
k=1

wkuk = w · u. (13)

Although the dimensional reduction discussed further
above reduces the dimensionality of the microscopic sys-
tem with degrees of freedom of order NM to M(M+1) of
the macroscopic system, the macroscopic equations are
still expressed in terms of the NM parameters control-
ling the initial conditions in (12). However, the choice of
a linearly weighted mean field dependence on u reduces
the number of parameters further.

To illustrate this reduction in a concrete case, let us
specialize to the second-order system introduced earlier
in (1), i.e., with M = 2 and a2 ≡ 1. If coefficients ai only
depend on the weighted sum of individual states in (13),
the macroscopic system has the form:

Ẍ1 + a1(U)Ẋ1 + a0(U)X1 = 0, (14a)

Ẍ2 + a1(U)Ẋ2 + a0(U)X2 = 0, (14b)

Ÿ + a1(U)Ẏ + a0(U)Y = g(U). (14c)

Expressing the weighted mean field U in terms of the
fundamental solutions X1, X2, Y , using the superposi-
tion (2),

U = (w · ξ1)X1 + (w · ξ2)X2 + (w · 1)Y (15)

closes the system of equations (14). Note that, while the
mean field depends on the weights w and initial data
ξ1 and ξ2, it effectively depends only on the three scalar
parameters given by w ·ξ1, w ·ξ2 and w ·1, which capture
all influence of the microscopic initial conditions on the
macroscopic dynamics through the weighted mean field.

To remove explicit dependence on the microscopic ini-
tial data from the macroscopic system, we define rescaled

variables that absorb these parameters into the dynami-
cal variables themselves. Specifically, quasi-linear struc-
ture of the ODEs and the linear superposition principle
allow to cast the macroscopic equations into parameter-
free form, by introducing the rescaled variables

X̃1 = (w · ξ1)X1,

X̃2 = (w · ξ2)X2,

Ỹ = (w · 1)Y.
(16)

In terms of the rescaled variables, the weighted mean field
becomes

U = X̃1 + X̃2 + Ỹ , (17)

and the rescaled macroscopic equations read

¨̃X1 + a1(U) ˙̃X1 + a0(U)X̃1 = 0, (18a)
¨̃X2 + a1(U) ˙̃X2 + a0(U)X̃2 = 0, (18b)

¨̃Y + a1(U) ˙̃Y + a0(U)Ỹ = g̃(U), (18c)

where we introduced the rescaled forcing g̃ = (w · 1)g.
Two points deserve being noted. First, the extension

of this approach to quasi-linear systems of higher order
(M > 2) (see Sec. III) is straightforward. Second, note
that the mean-field does not need to sum over all uk, one
may choose wk = 0 for some k.

V. EXAMPLE SYSTEMS

A. Circuit with nonlinear capacity

Here we apply our formalism to an example on elec-
tronic circuits. We consider an ensemble of N series RLC
circuits. The current u for an isolated RLC circuit follows
this ODE:

ü+
R

L
u̇+

1

LC
u = 0 (19)

where R,L,C are the resistance, inductance and capaci-
tance of the circuit.

We couple the ensemble through voltage-controlled ca-
pacitors. For example, consider replacing the capacitors
with varactor diodes that are controlled by the average
current of the entire ensemble. We model the capacitance
of the varactor diode with respect to applied voltage V ,

C(V ) =
C0

(1 + V/V0)1/2
(20)

where C0 and V0 are parameters of the specific diode
design. Now suppose the voltage controlling the capac-
itances is induced by the average current: V = R0U ,

where U = 1/N
N∑

k=1

uk is the average current.
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An ensemble of N coupled RLC circuits then evolves
according to:

ük + au̇k +
√
b+ cUuk = 0 (21)

where u = (u1, . . . , uN ) are the currents of the RLC cir-
cuit, and constants a, b, c are determined by their com-
ponents: a = RL−1, b = (LC0)

−2, c = R0V
−1
0 (LC0)

−2.
This systems is of the form (1). All quantities are real
and coefficients a, b, c are all non-negative.

a. Dimensional reduction. Since all quantities are
real and the right-hand-side of our example (21) is zero,
this system will follow 4-dimensional dynamics.

We write the microscopic variables uk in terms of the
fundamental solutions X1, X2 and the initial conditions,

uk(t) = (ξ1)kX1(t) + (ξ2)kX2(t). (22)

These macroscopic variables evolve according to

Ẍ1 + aẊ1 +
√
b+ cUX1 = 0, (23a)

Ẍ2 + aẊ2 +
√
b+ cUX2 = 0, (23b)

with initial conditions as defined by (4). To close (23),
we express the average current U in terms of X1 and X2:

U =
1

N

N∑
k=1

uk

=
1

N

N∑
k=1

(
(ξ1)kX1 + (ξ2)kX2

)
= ξ̄1X1(t) + ξ̄2X2(t)

(24)

where we define ξ̄ℓ = 1/N
∑

k(ξℓ)k. Substituting this
into (23) we get two nonlinear second-order ODEs,

Ẍ1 + aẊ1 +
√

b+ c
(
ξ̄1X1 + ξ̄2X2

)
X1 = 0, (25a)

Ẍ2 + aẊ2 +
√

b+ c
(
ξ̄1X1 + ξ̄2X2

)
X2 = 0, (25b)

which solve the microscopic system (21) via the super-
position (22) in closed form.

b. Rescaled macroscopic equations. To remove ex-
plicit dependence on the microscopic initial data from
the macroscopic system, we introduce the rescaled vari-
ables,

X̃1 = ξ̄1X1 , X̃2 = ξ̄2X2. (26)

which are satisfied by the rescaled macroscopic equations,

¨̃X1 + a ˙̃X1 +

√
b+ c

(
X̃1 + X̃2

)
X̃1 = 0, (27a)

¨̃X2 + a ˙̃X2 +

√
b+ c

(
X̃1 + X̃2

)
X̃2 = 0, (27b)

FIG. 1. Comparison of microscopic dynamics obtained by
direct integration of the microscopic equations (21) (blue);
and by integrating macroscopic equations (27a) whose solu-
tions generate the microscopic solutions via the superposition
(22) (orange dashed). Parameters are N = 10, a = 0.6, b =
0.5, c = 0.3.

with initial conditions,

X̃1(0) = ξ̄1 ,
˙̃X1(0) = 0, (28a)

X̃2(0) = 0 , ˙̃X2(0) = ξ̄2. (28b)

Numerically solving the rescaled macroscopic equa-
tions (27a), we may recover the exact microscopic dy-
namics of (21), as illustrated in Fig. 1. The microscopic
variables are retrieved via

uk(t) =
(ξ1)k
ξ̄1

X̃1(t) +
(ξ2)k
ξ̄2

X̃2(t). (29)

The comparison in Fig. 1 illustrates a perfect match.

B. Nonlinearly damped oscillator

In the following, we consider a more general, complex-
valued example. Drawing an analogy with the previous
electronic example, this could be for instance active cir-
cuit with complex impedances. In this analogy the en-
semble variables uk ∈ C could be analytic current signals,
with real part of uk representing current and the imagi-
nary part its Hilbert transform.

An example of such dynamics is

ük − i

(
1 + a Im

[
u̇1

u1

])
u̇k + buk = 0, (30)

where each unit is driven by the first unit, u1, rather
than some global mean-field — an example of a simple
weighted linear mean field (Sec. IV). Initial conditions
are defined by (4), so that u(0) = ξ1 and u̇(0) = ξ2.

We can check that the energies for each unit,

Ek = |u̇k|2 + b|uk|2 (31)
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are conserved in time,

Ėk = üku̇
∗
k + buku̇

∗
k + c.c. =

= u̇∗
k(ük + buk) + c.c. =

= −λ|u̇k|2 + c.c. = 0,

(32)

where λ = −i(1 + a Im[u̇1/u1]) is the damping term, ∗

denotes complex conjugation and “c.c.” stands for the
complex conjugate of all the terms. Here, we substituted
the governing equations (30) and used the property that
the damping term is purely imaginary, i.e. λ∗ = −λ.

a. Dimensional reduction. The right-hand-side of
system (30) is zero, but the quantities uk ∈ C are
now complex and so to are the macroscopic variables
X1, X2 ∈ C which evolve according to:

Ẍ1 − i

(
1 + a Im

[
u̇1

u1

])
Ẋ1 + bX1 = 0, (33a)

Ẍ2 − i

(
1 + a Im

[
u̇1

u1

])
Ẋ2 + bX2 = 0, (33b)

with the same initial conditions as in (4). The two
complex-valued, second order ODEs possess a constant
of motion analogous to (31). The microscopic variables
uk are given via the superposition of the fundamental
solutions X1 and X2,

uk(t) = (ξ1)kX1(t) + (ξ2)kX2(t). (34)

As in the previous example, we close the system of
equation, which in this case requires expressing the cou-
pling term u̇1/u1 in terms of X1, X2,

u̇1

u1
=

(ξ1)1Ẋ1 + (ξ2)1Ẋ2

(ξ1)1X1 + (ξ2)1X2
, (35)

and plugging it into equations (33) to obtain a closed set:

Ẍ1 − i

(
1 + a Im

[
(ξ1)1Ẋ1 + (ξ2)1Ẋ2

(ξ1)1X1 + (ξ2)1X2

])
Ẋ1 + bX1 = 0,

(36a)

Ẍ2 − i

(
1 + a Im

[
(ξ1)1Ẋ1 + (ξ2)1Ẋ2

(ξ1)1X1 + (ξ2)1X2

])
Ẋ2 + bX2 = 0.

(36b)

This system, together with relation (34) exactly solves
system (30).

b. Rescaled macroscopic equations. Defining the
rescaled variables,

X̃1 = (ξ1)kX1 , X̃2 = (ξ2)kX2, (37)

the parameter free macroscopic equations become:

¨̃X1 − i

(
1 + a Im

[
˙̃X1 +

˙̃X2

X̃1 + X̃2

])
˙̃X1 + b X̃1 = 0. (38a)

¨̃X2 − i

(
1 + a Im

[
˙̃X1 +

˙̃X2

X̃1 + X̃2

])
˙̃X2 + b X̃2 = 0. (38b)

FIG. 2. System (30) for a = −0.7 and b = 0.5 and N = 10.
In the top panel the real parts of uj in time (representing
currents in the electronic analogy), and in the bottom panel
the X1(t) (blue curves) in the complex plane alongside with
the Poincaré section when X2 crosses Im(X2) = 0 (red dots).
For the chosen parameters and initial conditions the system
exhibits chaotic dynamics as indicated by a positive maximal
Lyapunov exponent. (ξ1)1 = 1 − i, (ξ2)1 = i − 1 with initial
conditions given by (4).

This example illustrates the dimensional reduction ap-
proach for complex-valued coupled systems with nonlin-
ear phase-dependent coefficients, and shows chaotic dy-
namics captured by the reduced macroscopic equations,
as illustrated in Fig. 2.

VI. DISCUSSION

We describe an exact dimensional reduction for en-
sembles of quasi-linear ordinary differential equations
(ODEs) characterized by higher-order linear differential
equations (6). Unlike well-studied models tied to Riccati
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equations — such as the Kuramoto, Theta, or Quadratic
Integrate-and-Fire models14 — our approach applies to
a different class of systems, revealing that their NM -
dimensional dynamics can be exactly captured by a small
set of M macroscopic variables governed by M +1 equa-
tions, providing the fundamental solutions that param-
eterize the superposition reconstructing the full micro-
scopic dynamics. This reduction not only provides access
to simplified analysis via the macroscopic equations (10),
but also offers the practical means to reduce computa-
tional complexity (see examples in Sec. V).

The dimensional reduction offers two advantages:
First, it provides simpler access analysis for otherwise in-
tractable systems, offering insight into stability, bifurca-
tions, and collective dynamics; second, the reduction fa-
cilitates efficient numerical methods, allowing the recon-
struction of microscopic states from very low-dimensional
dynamics, independent of the network size N — this is
similar to the Watanabe-Strogatz method5 or the analo-
gous generation of orbits via Möbius group actions7,8 for
phase oscillator ensembles. Extending this perspective to
higher-order quasi-linear equations suggests a rich avenue
for discovering new solvable nonlinear systems, analogous
to the relation between second-order linear dynamics and
systems of Riccati-like equations9,15 (see App. A).

Since the coupling functions aj(u, t) in (6) can be ex-
pressed in terms of the reduced variables, ensembles of
quasi-linear ODEs (1) apply naturally to physical sys-
tems, such as coupled mechanical oscillators or nonlinear
electronic LC circuits, where each unit follows the same
linear dynamics but interacts through nonlinear mean
field interactions, often related to collective modes or
energy transfer pathways. Thus, our results illuminate
how physically relevant systems can exhibit emergent
low-dimensional behavior, setting the stage for further
exploration of nonlinear network dynamics.

A related mathematical structure appears in the time-
independent Schrödinger equation, as it involves second-
order linear ODEs; however, the analogy is limited since
quantum mechanical problems typically impose bound-
ary conditions to solve for eigenmodes, rather than initial
conditions, making the notion of evolving microscopic de-
grees of freedom with arbitrary initial data inapplicable.
More concretely, boundary conditions are usually glob-
ally imposed by the potential so in this context it is un-
natural to think of different boundary conditions. Still,
this comparison displays the generality of the framework
in describing wave-like dynamics with structured inter-
actions.

The dimensional reduction presented here applies
specifically to ensembles of quasi-linear ODEs with iden-
tical structure, i.e., the coupling to mean field forcings
occurs through the identical coefficient functions aj . In
general we cannot expect fundamental solutions of the
system to be analytically available. Nevertheless, even
in such cases, the dimensional reduction remains valu-
able, since numerically computing the reduced macro-
scopic system is much more efficient, while at the same it

enables analytical tools, such as bifurcation analysis that
would be intractable at the microscopic scale.

Just like there is a nonlinear transformation between
second order quasi-linear ensembles and Riccati-like en-
sembles, as explained in the Appendix A, it may be pos-
sible to find other transformations that map the quasi-
linear structure into some other nonlinear systems of
practical interest. Future research should explore such
possibilities. Such mappings could reveal broader classes
of nonlinear dynamics that admit similar reductions. A
further possibility is to invert the reduction: one might
design microscopic dynamics that produce a prescribed
evolution for the mean-field U . Note that, in general,
there are multiple ways to design micro-dynamics pro-
ducing the same mean field. This can for example be
seen by considering the linear weighted mean field with
arbitrary weight coefficients. Finally, the (quasi-)linear
structure may extend naturally from scalars to vector-
or matrix-valued systems. Similar generalizations have
been carried out for Riccati-type equations involving vec-
tor and matrix variables.16,17

For future work, it would be interesting to explore pos-
sibilities for a description of the dynamics in the contin-
uum limit with infinitely many oscillators, N → ∞, simi-
lar to classical work for the Kuramoto model and related
Riccati-like dynamics.14,18,19 It would be interesting to
investigate if invariant manifolds like the Ott-Antonsen
manifold6 exist for special choices of the quasi-linear sys-
tem. Notably, we know that in the case the case of sec-
ond order quasi-linear ODEs a mapping to Riccati-like
systems is feasible (App. A), at least for finite size sys-
tems. However, note that the correspondence between
finite size and continuum limit descriptions in terms of
probability density functions is not one to one which may
complicate matters.

Moreover, the dimensional reduction does not imme-
diately generalize to systems with strong heterogeneity,
stochastic forcing, or delay. Further research should ex-
plore the possibility to find reductions for heterogeneous
units in the continuum limit, much like like.19–25 Finally,
many systems evolve in the presence of noise. Indeed,
stochastic forcing terms can be applied via the coefficient
functions aj and the forcing g, provided that dynamics
is subject to identical forcing for all oscillators k. This
contrasts stochastic forcing terms, ηk(t), acting on an in-
dividual level, e.g., ük + a1u̇k + a0uk = g + ηk(t). It
may be possible to treat such noise in a similar way as in
previous studies.25–27
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Appendix A: Relationship between Riccati-like equations and
second order quasi-linear equations

We explain here the relationship between Riccati-like
and second order quasi-linear equations, which builds
upon a well known transformation between Riccati
equations and second order linear ordinary differential
equations.15

Consider the nonlinear Riccati system

ẋk = a(t)x2
k + b(x, t)xk + c(x, t) . (A1)

This is a less general version of the system in Ref.9, where
a can be a function of x; here, a is only a function of time
t to simplify the following calculations. We will show
that through a simple transformation, there is a natural
correspondence between the reduction eq. (9) and the
reduction

xk = Q+
yξk

1 + sξk
(A2)

used in Ref.9. Here constants ξk = xk(0) are not to be
confused with our constants ξj defined in Eq. (12), even
though they are related. The reduced variables have the
dynamics

Q̇ = a(t)Q2 + b(Q, y, s, t)Q+ c(Q, y, s, t) (A3a)
ẏ = (b(Q, y, s, t) + 2 a(t)Q) y (A3b)
ṡ = − a(t) y, (A3c)

with b and c having natural definitions given by eq. (A2).
If eq. (A1) is transformed into a system in u by the

transformation

xk = − u̇k

a(t)uk
, (A4)

the new system will have second order dynamics

ük + a1(u, u̇, t) u̇k + a0(u, u̇, t)uk = 0 (A5)

where the functions a1, a0 correspond to a, b, c through
the transformation

a1(u, u̇, t) = − b(−u̇⊘ (a(t)u), t)− ȧ(t)

a(t)
(A6)

a0(u, u̇, t) = a(t) · c(−u̇⊘ (a(t)u), t) , (A7)

where ⊘ is element-wise division. The initial conditions

xk(0) = ξk (A8)

of the original problem will translate into the second or-
der one via

u̇k(0)

a(0)uk(0)
= −ξk. (A9)

This gives us a choice in how to pick initial conditions for
u and u̇, but we can choose uk(0) = 1, u̇k(0) = − a(0) ξk

without any loss of generality. Using our main result we
then have a reduced system in X1, X2 which relates to
our original system like

xk = − Ẋ1 − ξk a(0) Ẋ2

a(t) (X1 − ξk a(0)X2)
. (A10)

Note that the reduction variable Y is not needed, since
g ≡ 0 in eq. (A5). We can relate this reduction to eq. (A2)
to get that

Q+ (Qs+ y)ξk
1 + sξk

= Q+
yξk

1 + sξk

= − Ẋ1 − ξk a(0) Ẋ2

a(t) (X1 − ξk a(0)X2)

=
− Ẋ1

a(t)X1
+ a(0)

a(t)
Ẋ2

X1
ξk

1− a(0) X2

X1
ξk

,

(A11)

and therefore

Q = − Ẋ1

a(t)X1
(A12a)

y =
a(0)

a(t)

(
Ẋ2

X1
− Ẋ1

X1

X2

X1

)
(A12b)

s = − a(0)
X2

X1
. (A12c)

Note that the dynamics (A3) of Q, y and s could there-
fore have been calculated purely from the dynamics in X1

and X2. Note, that we were able to express Q, y, s with
only two variables X1, X2 due to assuming a(t) only de-
pends on time, otherwise, if a also depends on the system
variables then equations (A11) are not reducible.9
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