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Two-phase quadratic integrate-and-fire neurons: Exact low-dimensional description
for ensembles of finite-voltage neurons
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We introduce a two-phase quadratic integrate-and-fire (QIF) neuron whose membrane potential evolves
according to two alternating Riccati equations within finite bounds. This simple extension removes the un-
physical voltage divergence of the standard QIF model while producing realistic spike waveforms. Despite this
modification, the system retains an exact low-dimensional description in the thermodynamic limit, governed by
a single complex Riccati equation. Expressions for collective quantities such as the firing rate and mean voltage
remain compact and analytically tractable. Because the formalism preserves the mathematical structure of the
standard QIF ensemble, it inherits its many generalizations and can serve as a drop-in replacement in existing
mean-field frameworks, providing a more biologically plausible yet still exactly solvable neuronal model.
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The quadratic integrate-and-fire (QIF) neuron [1-3] is
a minimal spiking model whose population activity ad-
mits an exact low-dimensional mean-field description via
the Lorentzian/Ott-Antonsen ansatz [4,5]. This analytical
tractability has made QIF ensembles [6—19] and their equiv-
alent #-neuron formulations [20-23], as well as the more
general phase-oscillator ensembles [24-36], the standard tools
for studying collective dynamics. Exact low-dimensional de-
scriptions are rare and particularly valuable [37,38], to the
extent that many works seek to reproduce their structure
only approximately in more realistic neuron models with
adaptation or synaptic plasticity, by introducing additional
mean-field or mesoscopic assumptions that retain analytical
tractability [39—45].

A well-known limitation of the QIF model is that its volt-
age variable diverges at spike emission, which complicates its
biological interpretation. We introduce a two-phase general-
ization of the QIF neuron that removes this divergence while
preserving exact integrability. In this model, a second phase
bounds the membrane potential but still permits a closed-form
mean-field reduction in the thermodynamic limit. As a result,
we obtain population equations of QIF type, with richer and
more biologically plausible voltage dynamics.

Two-phase quadratic integrate-and-fire neuron. The volt-
age v; evolves within a bounded interval v; € [Unmin, Umax],
where vpin < 0 and vy, > 0. Each neuron alternates between
two phases, denoted v} and v}l In both phases, the voltage fol-
lows a real-valued Riccati equation with time-varying global
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coefficients (a, b, ¢):
i)j = a(p)vjz, + b(P)Uj + C(P)’ (1)

where p € {I, II} denotes the phase and index j =1,...,N.
A neuron switches phase whenever its voltage reaches one of
the boundaries, i.e., when v; = Vpax OF Vj = Upip.

The coefficients of one phase can be chosen arbitrarily;
without loss of generality, we take the first phase to have pre-
scribed coefficients (a', b', ¢"). The coefficients of the second
phase (a"!, b, ) are then fully determined by coefficients of
the first phase and voltage boundaries vyin, Vmax:
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This construction ensures the voltage remains continuous at
the junctions between phases and, for suitable choices of vy,
and vpmax, produces realistic spike profiles [see Figs. 1(a) and
2(b) for examples].

Ansatz. We consider an infinite ensemble of neurons, N —
00, whose state is described by the probability density func-
tion of voltages, p(v). The Lorentzian ansatz [4] generalizes
to the two-phase QIF model as the sum of two truncated
Lorentzian contributions, one for each phase:

p(v) = p' )+ p"(v),  for v € [Vmin, Vmaxl,

oy L Im[Q']
P = W = Re[Q + Im[Q'P (3)
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FIG. 1. Schematic representation of a single two-phase QIF (1)
voltage time series in panel (a) and the ansatz distribution (3) in panel
(b). Contributions of the first phase are marked with green and of the
second phase with orange. In panel (b), the full distribution p(v) is
depicted with black.

where Q' € C is a complex-valued macroscopic quantity that
parametrizes the distribution, while Q" is determined from Q"
via
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FIG. 2. Example simulation comparing the dynamics from a
large (N = 10°), finite ensemble of microscopic equations (17)
(blue) and exact macroscopic equation (18) (red). In panel (a) the
distribution of voltages (3), in panel (b) voltage traces for some val-
ues of the heterogeneity 7 ;, and in panels (c) and (d) the mean voltage
V and firing rate R, respectively, in time. Parameters are vy, = —3,
Umax = 13,J =3,¢=0.05,1 = —-0.2, 50 =0, and A = 0.05.

similar to how the forces in the second phase (a'l, o', c'!) are
determined by those of the first (a!, &', c!). The imaginary part
of Q' should be positive by convention, since it represents the
width of the truncated Lorentzian distribution. Notice that Q'
is complex conjugated in expression (4), to ensure that the
imaginary part of Q" is also positive (representing the width
of the second truncated Lorentzian).

Note that the ansatz distribution (3) requires no additional
normalization factors, even though each Lorentzian contribu-
tion is defined only over the finite interval [Vpin, Umax ]—this is
not a coincidence, the two phases perfectly complement each
other. This type of distribution is illustrated in Figs.1(b) and
2(a) [46].

Exact macroscopic equations. The exact macroscopic
dynamics follow a complex Riccati equation:

0 =aQ*+b0+c, (5)

where Q := Q' is the complex quantity parametrizing the
ansatz distribution (3) and coefficients (a, b, ¢) := (d', b, c!)
are those of the first phase. Note that these dynamics have the
same form as those of the standard Lorentzian ansatz [4], but
the quantity Q € C now has a different meaning, and coeffi-
cients (a, b, ¢) contain different coupling terms. In Ref. [4],
the real and imaginary parts of Q would correspond to mean
voltage V and firing rate R (V = Re[Q], R = aIm[Q]/x), but
in the two-phase QIF ensemble these quantities are harder to
express, yet still depend only on Q [we express them later on;
see Eqgs. (11) and (14)].

For a population of identical neurons, the coefficients
(a, b, c) entering Eq. (5) are real and exactly the same as those
of the first phase voltage equation (1). We will later show,
however, how heterogeneous ensembles can be described
within the same framework as well, and the heterogeneity
results in the addition of imaginary components to coefficients
in the macroscopic dynamics equation (5).

Why does this work? The reason this construction works
is that the system is equivalent to having a single voltage
variable that is transformed whenever it leaves the interval
[Vmin, Umax]- Imagine two voltage variables that follow exclu-
sively one of the dynamical phases; let us denote them as v’
and v!!. Either of them can be considered the main variable,
and they are just transformations of each other.

If the main variable is the phase I voltage v', then outside
the range [Vmin, Umax] VoOltage v can be expressed with the
transformation

VminV
1 'min Umax
oL ~+ Umin + Vmax,

J

(for Uiﬂ ¢ [Vmin, Umax])-

(6)
If the roles are reversed, the transformation is

Umin Umax

U}- = e (fOI' U}I ¢ [Vmin, Umax])- (N

Umin + Umax — Uj

This transformation was chosen such that voltage is contin-
uous along the seam of the two phases. In principle, one
could use any Mdbius transform but then the voltage would
be discontinuous at the junction.

How does this change the model from standard QIF en-
sembles? First, note that for uncoupled neurons, the model
preserves the same intrinsic oscillatory structure as the
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standard QIF neuron: The period is identical and the first
phase coincides with the QIF voltage dynamics. The inclu-
sion of a second phase modifies the spike waveform, yielding
finite voltages throughout the cycle, but does not change the
fundamental timing of the oscillation. The main differences
therefore arise in the coupling, which we formulate in terms
of two macroscopic quantities:

(1) Firing rate R: the firing events now occur at a finite
voltage vmax < 0o [47].

(2) The mean voltage V: now expresses differently due to
the two-phase structure of the distribution p(v) (3).

Regarding point 1, the firing rate is now given by the flux
at the finite voltage vyax:

. 1 Im[Q] (avrznaX + bumax + c)

= o= % G — Rel Q1 + ImIQF

®)

This can be rewritten wi;hout coefficients b and c in terms of
the temporal derivative Q:

Im[(vmax - Q)Q]

= aIm[Q] * |vmax - Q|2

©))

Since the firing rate R will enter Eq. (5), the dependence on Q
might suggest that the resulting system is implicit, but this is
not the case. We will here only consider firing rate coupling
where R enters additively in the voltage equation, i.e., is added
to the ¢! coefficient as

0= f(Q)+JR, (10)

where J denotes the (chemical) coupling strength, and all
remaining terms in Eq. (5) (that do not depend on R) have
been collected into f(Q). Thus, we can solve for R explicitly,
by combining Eqgs. (9) and (10):

— alm[Q]|vmax — Q|2 + Im[(vmax — Q)f(Q)]

R
n|vmax - Q|2 - JIHI[Q]

an

Note that for stationary states, where Q = 0, the firing rate co-
incides with that of the standard single-phase QIF ensemble:
R = alm[Q]/7. However, the parameter regions correspond-
ing to stationary and nonstationary states differ between the
standard QIF model and its two-phase extension.

Regarding point 2, the mean of a truncated Lorentzian
with center Re[Q] and half width at half maximum (HWHM)
Im[Q] is

Im[Q1n (§=tm)]
Q_Umax) ’

(12)

E(vlvmin <v< vmax) =

where arg(-) is the complex argument function. Additionally,
we have to determine the proportion of neurons within each
phase, which is the proportion of a Lorentzian between the
same boundaries:

1 —
P(0[vmin < V < Vmax) = — arg <Q$) (13)
s Q — Umin

The mean voltage V is determined by the product of Egs. (12)
and (13) for contributions of both phases, conveniently

canceling the arg(-) function:

_ i O — Vmax it QH - vmax>:|
V= nImI:an <—Q — vmm) +0'In (—QH — )|
(14)

where Q! is defined in Eq. (4). Higher moments of the distri-
bution can also be expressed analytically [48].

Addition of heterogeneity. Consider now that the coeffi-
cients (a, b, c) of both phases can depend on the neuron index
Jj. We focus on the special case of the Lorentzian-distributed
heterogeneity, because this case is elegantly admissible to ex-
act formulation. Adding Lorentzian quenched heterogeneity
n; € R, with mean ny € R and HWHM A € R, leads to the
appearance of the complex term 1o + iA on the right-hand
side of the Q equation (5), where i := /—1 is the imaginary
unit. For instance, adding 7, to clin Eq. (1) results in 5y + iA
being added to c in Eq. (5).

This is fully analogous to the contour-integral argument in
the Ott-Antonsen ansatz [5] and the Lorentzian ansatz [4]:
For each value of the heterogeneity 7, consider there is a
subpopulation of neurons that falls into the ansatz distribution
(3) parametrized by the local order parameter g(1). The global
order parameter Q is then obtained as the integral of all g(7)
over the distribution of heterogeneities i(n):

Q=f q(mh(n)dn. (15)

If h(n) is Lorentzian with mean 1o and HWHM A, and ¢(n)
is analytic in the upper n complex half-plane, this integral can
be evaluated via the residue theorem. It is equal to the value
of g(n) at the Lorentzian pole n = ng + iA:

0= ?gq(n)h(n)dn =q(no +iA). (16)

For this evaluation to be valid, g(1)h(n) must vanish as || —
00, ensuring the contribution from the contour arc is zero. For
Riccati equations like Eq. (5), one can verify that |g(n)| ~
»/In] for |n| — oo, which satisfies this requirement.

Important note: This only works when heterogeneity 7; is
considered to act differently on both phases, i.e., according to
transformations (2). Otherwise, if n; is added to both ¢! and
™ in the same way, this description (5) is no longer exact.

Example. Following standard QIF network formulations,
we incorporate chemical synaptic coupling of strength J
through the population firing rate and electrical coupling
of strength g through gap-junction-mediated voltage diffu-
sion [23]. The voltage v; in the first phase then evolves
according to

i;jzv_?+l+JR+g(V—v,-)+nj, (17)

where R is the firing rate (11), V is the mean voltage (14), and
n; the Lorentzian heterogeneity. For each neuron j, the coeffi-
cients of the second phase (a}l, bljl, ¢ are then determined
by the transformation (2) of coefficients of the first phase:
a'=1, b =—g ¢ =1+JR+gV +n;. Note how in the
first phase only c} coefficient is heterogeneous, but through
the transformation (2) all the coefficients of the second phase
depend on the neuron index j.
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In the low-dimensional description, the macroscopic equa-
tion has the same functional form as the microscopic phase
I voltage equation (17), with the microscopic variable v;
replaced by the macroscopic variable Q € C and the het-
erogeneities 1; € R entering as the complex term 79 + iA,
where 7o € R and A € R denote the center and HWHM of
the Lorentzian heterogeneity distribution:

Q0=0*+I1+JR+g(V — Q)+ no+iA. (18)

Figure 2 shows simulation results comparing a large en-
semble of N = 10% microscopic voltage equations (17) to the
exact macroscopic equation (18). The two descriptions match
exactly, as expected from the theory. The parameters used are
Umin = —3, Umax = 13, I = —0.2, J =3, g=0.05, no =0,
and A = 0.05, for which the ensemble exhibits periodic col-
lective motion—For the same parameter values (/, J, g, no),
the standard QIF ensemble exhibits only asymptotically sta-
tionary states. The simulation code is available in Ref. [49].

Discussion. We introduced the two-phase QIF neuron,
whose membrane potential evolves over two alternating
phases and is bounded between v, and vyax. This construc-
tion yields realistic spike shapes while retaining the exact
mean-field reduction of standard QIF ensembles. Because the
two phases follow different dynamics, coupling influences the
system differently across them and is effectively weakened
during the spike phase. This weakening can be understood
from the construction of the model: The recovery phase is
obtained as a smooth transformation (6) of the standard QIF
voltage near the spike, where the intrinsic dynamics domi-
nate and external inputs have little influence on the intrinsic
timing of the trajectory. As a consequence, the reduced sen-
sitivity to inputs—characteristic of the standard QIF near
spikes—carries over to the two-phase model, despite the volt-
age remaining bounded. This reflects a realistic feature of
neuronal behavior—an effective insensitivity to inputs during
spikes—that emerges naturally in this framework.

Since the voltage now follows realistic spike trajectories,
explicit pulse coupling—implemented as discrete, instanta-
neous interactions at spike times—may appear less natural
in this setting. Instead, the mean voltage V can serve as a
continuous proxy for synaptic activity, closely tracking the
firing rate R up to a scaling factor [compare Figs. 2(c) and
2(d)].

Previous works have addressed related limitations of the
standard QIF model. Reference [11] introduced asymmetric
reset rules and derived an exact reduction valid only in the
limit of diverging voltages; for finite resets, their voltage
profiles resemble those of the present two-phase model (cf.
their Fig. 1), though the reduction is no longer exact. Refer-
ence [50] developed a framework that allows exact reductions
for ensembles with prescribed pulse shapes. In contrast, in the

two-phase QIF model, the realistic spike waveform emerges
naturally from the microscopic voltage equations rather than
being imposed externally.

The two-phase QIF model also inherits the extensive
generalizations developed for standard QIF ensembles. The
formalism extends beyond the Lorentzian-like ansatz (3), al-
lowing any initial voltage distribution to be evolved exactly
[26,27,51]. Different heterogeneity distributions can likewise
be incorporated using the general frameworks proposed in
Refs. [29,30], which provide systematic ways to approximate
various distribution forms. Moreover, the clever inclusion of
adaptation mechanisms in Ref. [52] is directly compatible
with the present framework. In this sense, the two-phase QIF
model can serve as a drop-in replacement for the standard QIF
neuron in established low-dimensional frameworks, while
providing bounded voltages and realistic spike waveforms.
Just as in standard QIF ensembles, the ansatz distribution (3)
is invariant under the dynamics, but even arbitrarily weak het-
erogeneity renders it attracting [51,53,54], so that any initial
voltage distribution asymptotically converges to it.

Cauchy noise added to the standard QIF ensemble has
the same macroscopic effect as Lorentzian heterogeneity
[8,51,55-57]. In the two-phase QIF framework, however, this
correspondence breaks: It would be exact if the noise entered
according to the phase transformation (2)—as is the case
for heterogeneity—but for independend nodal noise to be
phase-dependent seems unphysical. An exact description with
Cauchy noise would therefore require a nontrivial extension
of the framework and is left for future work. We remind,
however, that common noise can be included exactly, since
the coefficients (a, b, c¢) can be arbitrary time-dependent func-
tions, allowing, for example, the inclusion of shot noise to
model finite-size effects [58].

With minor adjustments, ensembles with a finite number
of two-phase QIF neurons can also be described in a low-
dimensional way, closely analogous to the Watanabe—Strogatz
(WS) theory [59,60]. As in the WS framework, coupling
introduces constants of motion into the macroscopic dynam-
ics, which can complicate analytical treatment and slightly
increase numerical cost.

The approach naturally generalizes to any number of volt-
age phases by partitioning the standard QIF trajectory into
segments, each following its own Riccati dynamics. In gen-
eral, any Mobius transformation of the voltage can define a
new phase, though only specific forms—such as Eq. (6)—
ensure continuity at the phase boundaries. Multiple phases
could also be applied to complex Riccati equations [61,62],
limiting the microscopic states to a region of the complex
plane (e.g., inside/outside the unit disk).

Data availability. The data that support the findings of this
article are openly available [49].
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